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These notes describe basic results about continuous optimal control systems and their applica-
tions to static models of nonlinear taxation. The discussion of optimal control is based heavily
on [3] and [4], and references to more detailed analyses in these texts are made where appro-
priate. The application of optimal control to a model of optimal nonlinear taxation follows the
celebrated contribution of [5].

1 Control Systems and Control Problems

1.1 Control Systems

We consider control systems of the form

x(t)=f(t,x(t),u(t)) te[tyt],

x (tg) = x (o),

(1)

where 0 < t, < t; < 00 and

x: [ty t;] > R",
u: [ty t;] > R™,
f [t t;] X R™™ - R",

Here x (t) is the state vector of the system at time t, u (t) is the control vector at time t, and f
defines the evolution of the state vector as a function of the current state x (t) and the current
control u(t). The function x is called the trajectory of the system and describes the state at
any time t. The set of permissible control functions u is denoted U, and the set of permissible

trajectories x is denoted X. Given a control function u € U, a trajectory x solves the initial

*These notes benefited substantially from comments by Maxim Troshkin, who undertook the task of actually
reading them and noting the many typos and unclear passages that appeared in previous drafts.



value problem (1) if x is absolutely continuous and satisfies the integral equation

X(t)—fc(to)—J fls,x(s),u(s))ds=0  telt,t,]. (2)

In subsequent sections, we describe high-level regularity assumptions placed on f and U to
ensure that the system (1) defines a trajectory x in an appropriate sense. This matter can be
quite technical and belongs more to the theory of differential equations than to optimal control,
so we will not consider it in much detail. Interested readers are referred to §3.3.1 of [3] for a

short discussion and to chapters 3 and 10 of [2] for an extensive analysis.

1.2 Basic Control Problem

In what we will call the “Basic Control Problem,” the goal is to minimize a functional that
depends on the trajectory x and the control u, subject to constraints on the system dynamics,
the terminal state x (t,), and the control vector u(t). At the heart of the problem is a control
system defined by the integral equation (2). We suppose that there exists a non-empty target set
S C R" such that the state x (t) must be driven from x (¢t,) to S by time t,. The corresponding

constraint on the terminal state x (¢t,) is given by
x(t;)€S. 3

We also allow additional integral constraints on the system dynamics of the form
t
J a(t,x(t),u(t))dt =0, 4
to

where a : [ty,t;] x R™™ — R, The control vector u(t) at any time t € [t,,t;] is also con-

strained to an arbitrary non-empty control set Q2 C R™:
u(t)eQ teltyt]. (5)

Finally, the objective of the control problem is given by the functional

f 1l(t,x(t),u(t))dt+k(t1,x(t1)), (6)



where 1 : [ty, t;] x R™™ — R is a loss function that describes the “running cost” of the system

at each time t and k : [t,, t;] x R® — R is a terminal cost function.’

The Basic Control Problem requires that we select a control function u € U and a trajectory
x € X to minimize (6), subject to (2), (3), (4), and (5):

uelU,xeX

inf J 1 L(t,x(t),u(t))dt +k(ty,x(ty))

0

subject to

X(t)—ff(fo)—f fGs,x(s),u(s))ds=0 te[tyt1],
x(t;) €S,

J 1oz(t,x(t),u(t))dt =0,

0

u(t)en t €ty t1].

A few comments are in order concerning the generality of the Basic Control Problem:

1. It should be noted that we are considering only control problems in which the final time
is fixed and finite. This is purely for convenience; in fact, the methods described below
are readily adapted to problems in which the terminal time for the process is free or
infinite. These adaptations will be discussed briefly below, but a more complete analysis

can be found in chapter 4 of [3].

2. The integral constraint (4) is an equality constraint, and there are no pointwise con-

straints of the form
B(t,x(t),u(t))=0  te€[ty,t;].

Such pointwise constraints can introduce considerable complications to the theory, and
they will not appear in the optimal taxation examples that we consider. Interested readers
are referred to chapter 7 of [3] for an introduction. The equality in the integral constraint
is again simply convenient, and inequality integral constraints can be incorporated in
a manner similar to that described by the Kuhn-Tucker Theorem in finite-dimensional

optimization.

3. In what follows we will assume that the target set S is a k-dimensional differentiable

!By an unfortunate coincidence, in the optimal control literature the loss function [ is often called the “La-
grangian,” not to be confused with the augmented objective function used in finite-dimensional optimization.
The control-theoretic analog of the augmented objective function is the Hamiltonian function, defined in §3.
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manifold for k € {0,1,...,n} that can be described globally as the solution set of the
equation g (x) = 0. Here g : R" — R"* is continuously differentiable with surjective
derivative. Again, generalizations of the results below to other target sets are available.

4. The control set Q is assumed time-invariant, but the methods below can be adapted to
cases in which it is time-dependent, i.e., Q(t).

1.3 Control Problem Simplifications

Before attempting to characterize necessary conditions for local optima, it will be useful to
simplify the objective and constraint set of the Basic Control Problem through a few elementary
observations. For example, the explicit dependence of the state evolution function f on t can
be removed by appending the state vector x (t) with an additional component x,_ (t), with

time evolution
X (£)=1 t €[ty t;]

Xpi1 (to) = to.

Hereafter we assume that this has been done in the original state vector x (t). A similar trick
can be applied to the integral constraint (4): Define the new state variables x;(t) for i =

n+1,...,n+q that have time evolution

X; () = o (t,x (t),u(t)) telto,tq]
x; (to) = 0.

Lift the target set S C R" to R™*? by including the terminal constraints
x;(t)=0 i=n+1,...,n+q.

Then the integral constraint (4) can be subsumed into the state evolution equation (2) and the
terminal constraint (3), and we will assume that this has been done for the original state vector
x (t) and the original target set S. Regarding the objective, we will assume that the terminal

cost function k is absolutely continuous, so we can write

ty

kG (62)) = ke () + J Lk

to
ty

=k (x (t)) +J ke (x (0)) f (x (), u(e))de.

to



The value k (x (t,)) is fixed, so we can “remove” the terminal cost by replacing the objective
(6) by

t
' d
J L(x(t),u(t))+—k(x(t))dt.
o dt
We will assume that this has been done with the original loss function [. Using the charac-

terization of S as the solution set of g (x) = 0, we can without loss of generality restrict our

attention to a simplified version of the Basic Control Problem:

ueiUgfthll(X(t),u(t))dt (7)
subject t:

X(t)—fc(to)—ftf(X(S),u(S))ds=0 t € [to, t1], (8)
g (x(t,))=0, ) 9
u(t) e t €[ty t1]. (10)

Note that in subsequent sections, we will assume the existence of a solution to this problem.
It should be emphasized that this assumption is highly nontrivial,> and in general establishing
the existence of solutions to control problems can be a difficult task. Readers are referred to

84.5 of [3] and the references therein for a discussion.

2 Optimal Control - Variational Approach

This section provides an introduction to the variational approach to optimal control. Generally
speaking, the variational approach entails placing sufficient regularity assumptions on the con-
trol system, objective, and constraints of the control problem to derive necessary conditions
for local optima using variational calculus. A control problem is thus treated as an optimiza-
tion problem over an infinite-dimensional Banach space, with no attention paid to the special
structure of control problems (i.e., the presence of a dynamical system that describes the de-
pendence of a state variable on a time-dependent control variable). The key advantage of this
approach is the ease with which necessary conditions can be derived: The regularity assump-
tions ensure that all operators are differentiable in an appropriate sense, and the main tools
for deriving necessary conditions are direct generalizations of those used in finite-dimensional

optimization (i.e., the generalized Lagrange Multiplier and Kuhn-Tucker Theorems). However,

2Google “Perron’s Paradox” to find an unfortunately persuasive argument for the importance of existence re-
sults in optimization.



these assumptions can be too restrictive for many control problems, and a more refined analy-
sis is required to derive necessary conditions for optima. This analysis will be presented in the
next section, where Pontryagin’s celebrated Maximum Principle will be stated and proven for

the Basic Control Problem.

2.1 Abstract-Operator Control Problem

In this section, we assume the following about the parameters of the Basic Control Prob-

lem:

1. 2 CR™is open, and X and U are open subsets of the sets of continuous functions from
[to,t;] to R™ and £, respectively;

2. 1 is once continuously differentiable;
3. f is once continuously differentiable.

The first assumption allows us to vary the control function u and the trajectory x in an open set
around a local optimum (x,, u, ) while remaining in the sets of permissible control functions and
trajectories. In addition, under this specification X and U are Banach spaces, so the generalized

Lagrange Multiplier Theorem may be applied.

The second and third assumptions imply that [ (x (t),u(t)) and f (x (t),u(t)) are integrable
over [ty,t,] for each x € X and u € U. They also imply that the objective integral (7) and
the evolution integral (8), viewed as operators on the set X x U, are continuously Fréchet

differentiable.® In particular, we can write (7) abstractly as a functional J on X x U:

J(x,u) ::J 1l(x,u)dt.

Since X and U are open subsets of normed spaces, X x U is an open subset of the product
norm space (with the standard norm). It is then possible to define the Fréchet derivative of an
operator from X x U to another normed space, and a straightforward calculation shows that J
has Fréchet differential

t

oJ (x,u)[h,v] = f [, (xx,u)h+1,(x,u)vdt.

to

Here (h,v) € C([ty, t;],R")xC ([ty, t;],R™) are permissible perturbations, i.e., (x + ah,u+ av) €

3For a nice review of the calculus of variations, and specifically differential calculus on Banach spaces, see
§7.1-7.3 of [4].



X x U for a € R with |a| sufficiently small. By the continuity of [, and [, it is easily verified
that the mapping (x,u) — 6J (x,u) is continuous, where the codomain of this mapping is the
set of bounded, linear, real-valued functionals on X x U, given the operator norm topology. We

can similarly write (8) as
A(x,u)=0,

where A: X x U — X is an operator that maps x and u to the function of t on the left side of

(8). This operator is also continuously Fréchet differentiable with differential
t

6A(x,u)[h,v]=t— {h (t) —J firr G, w)h+ f, (x,u) vds} .
to

We can also identify g with an operator g : X — R" ¥, where the Fréchet differential is trivially
given by
6g(x)h =g, (x(t;))h(ty).

The Basic Control Problem can then be restated abstractly as

inf UJ(x,u) (11)

XEX, ue

subject to
A(x,u) =0,
g(x)=0.

2.2 Necessary Conditions

We have the following description of necessary first order conditions for an interior solution

(x,,u,), with proof adapted from §9.5 of [4]:

Theorem 1. Suppose (x,,u,) is a solution to the Basic Control Problem (11) and is a regular point
of the constraint set. Then 3A : [t,, t,] — R" differentiable and 3y € R™* such that Yt € [t,, t,],

—A () = [f, (e, (0, u, ()] A(0) + L (e, (8),u (0) (12)
A(ty) = [gx (x (e)]" 1, (13)
0=2A(t)" f, (x, (£),u, () + 1, (x, (£),u, (1)) (14)

Proof. Since X x U is open, the generalized Lagrange Multiplier Theorem (Theorem 1, §9.3,
[4]) implies that A : [t,,t;] — R" of bounded variation and right-continuous and Ju € R"



such that

6J (x,,u,)[h,v]+ (6A(x,,u)[h,v],A) + (6g (x,)h,u) =0
V(h,v) e C([ty, t;],R™) x C([ty, t;],R™).

Note that we use (-,-) to denote the pairing between a vector space and its dual, and recall
that the dual of the set of continuous functions on an interval can be identified with the set
of right-continuous functions of bounded variation via Lebesgue-Stieltjes integration. We can

treat h and v separately to find that this condition is equivalent to

0=J 1lx (x*(t),u*(t))h(t)dwf

t
to

[h (t) —J fr(x,(s),u,(s))h (s)ds] dA(t)"  (15)
+ Au’Tgx (X* (tl))h (tl)a

O=J 1lu (x*(t),u*(t))v(t)dt—f lf fu(x, (s),u, (s)v(s)dsdA(t)", (16)

Y (h,v) € C([ty, t1],R") x C ([to, t;],R™).* We normalize A such that A (t;) = 0 and integrate
by parts in the first condition (15) to find

ty

0=J 1lx(x*(t),u*(t))h(t)dt+J h(t)dA(t)" (17)

to

+ f A(6)" fi (e, (6),u ()R () de +pT g, (x, (£1)) R ().

If A(t) had a jump in [¢,,t;), the Lebesgue-Stieltjes measure dA; (t)" would have a mass
point in [t,, t;) for some i = 1,...,n. Standard Lebesgue measure is non-atomic, so we could
construct an h € C ([t,, t;],R") to make the second term in (17) large relative to the others.
(This argument suffices only on [ t,, t;) because the fourth term in (17) involves h(t,).) Hence
A must be continuous on [ ¢y, t;). Choose h € C ([t,, t;,R"]) such that h(t,) = h(t;) =0 and

4The integral fttol a(t)dA(t)" is defined by

J.Ia(t)dl(t)T ::Zf lai(t)dki(t).
to i=1J 1o



h is differentiable. Then we can again integrate by parts:

ty

0 :J 1 L (x*(t),u*(t))h(t)dt—J A h(t)dt

0

+J 1A(t)fo(x*(t),u*(t))h(t)dt
=J [1, G, (), u, ()= A ()" fi O, (8),u, () [R(E) + A () R (t)dt.

By the continuity of A on [t,,t;) and Lemma 3 in §7.5 of [4], we can conclude that A is
differentiable on [t, t;) and satisfies (12).

At t = t;, A must have a jump of —[g, (x (t;))]" u so that (17) is satisfied Yh € C ([¢t,, t;],R™).
(Consider h =0 on [t,, t; — €] with h(t;) # 0, and take € | 0.) Without affecting the differen-
tiability of A on [t,, t;), we can then define A (t;) such that (13) is satisfied. This implies that
A is also continuous on [ t, t;].

Finally, integrate (16) to find

t

0=J 1lu (x*(t),u*(t))v(t)dt+f 1A(t)Tfu(x*(t),u*(t))v(t)dt.

to

By Lemma 1 in §7.5 of [4], (i.e., the Reymond-Du Bois Lemma), this implies (14). O

The first order conditions given by Theorem 1 and the constraints of the problem (11) yield a
system that can, in principle, be solved to find (x,, u,): equations (8), (12), and (14). However,

two remarks are in order:

1. As with finite-dimensional optimization problems, the necessary conditions of Theorem
1 are not sufficient to characterize a local or global optimum without additional verifica-
tions. Sufficient second order conditions for a local minimum involve second variations
and will not be addressed here, and conditions that ensure a local minimum is a global
minimum mirror those from the finite-dimensional case (e.g., convex constraint set and

quasi-convex objective).

2. The regularity assumption in Theorem 1 is non-trivial and has a nice interpretation in the
context of control problems. In general, the regularity condition ensures that in a neigh-
borhood of the local extremum (x,,u,), the constraint set is “well-behaved” in the sense

that it can be reasonably approximated by linearizing the constraints around (x,,u,).



This is crucial, because the generalized Lagrange Multiplier Theorem follows from an
application of the generalized Inverse Function Theorem (Theorem 1, §9.2, [4]). The in-
tuition for the latter carries over from the finite-dimensional case: A continuously Fréchet
differentiable mapping can be inverted locally by inverting its differential (modulo the
kernel of the differential), and this requires that the differential be surjective. We should
verify, then, that the differential of (A4, g) : X x U — X x R" is onto when evaluated at a

solution (x,,u,).

From the differential of g, we see that we must require g, (x, (t;)) to have rank n —k,
but this is ensured by our previous full rank assumption. We also assume that f is such
that for any e € R", we can choose v € C ([ t,, t;, R™]) such that

h(t;)=e.

The right side of equation (18) is simply the original control system linearized about the
solution (x,,u,). This controllability condition requires that the linearized system can be
driven from O to any e € R" by time t; with an appropriate choice of control v. Under
these assumptions, (x,,u,) is a regular point of the constraint set in problem (11) if
V(y,e) € C([ty, t1,R"]) x R™, 3(h,v) € C ([ty, t;,R"]) x C ([t,, t1,R™]) such that

y(t)=h(t)—J fre (e u)h+ £, (x,,u) vds, (19)
h(t;)=e. 20)

Note that the substitution h (t,) for g, (x, (t;))h(t;) in (20) is without loss of generality
since g, (x, (t;)) has full rank. When v = 0, the general existence theorem for ordinary
differential equations implies a solution h to this system. By setting w (t) = h(t) —h (t),
the system (19-20) is equivalent to

0= w(t)—f fr (x,u)w+ £, (x,,u,) vds,
w(t,) =0.

The controllability condition ensures that this system has a solution, so the constraint set
is regular at (x,,u,).
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3 Pontryagin’s Maximum Principle

The variational approach used to prove Theorem 1 has several obvious shortcomings: Most
significantly, use of the generalized Lagrange Multiplier Theorem requires that we restrict to
control functions u that belong to a Banach space, and the most natural such space in an optimal
control setting is the set of R™-valued continuous functions. However, it is straightforward
to devise nontrivial examples of control problems that do not have solutions with continuous
controls, but are easily solvable with piecewise-continuous controls. In addition, the variational
approach used above requires that the control set Q2 and the function spaces X and U be open
in order to consider arbitrary variations from a local optimum (x,,u,). This method can be
applied under some weaker restrictions on 2, X, and U, but it requires a more subtle argument
than that used above. Finally, the smoothness assumptions placed on [ and f are quite strong,
and it would be helpful to develop a theory that applies to a larger class of control problems.
This section presents precisely such a theory, culminating in a proof of Pontryagin’s Maximum

Principle.

Before proceeding to the mathematics, a quick philosophical remark: There is a good reason
why Pontryagin’s Maximum Principle is typically called a “principle” rather than a “theorem.”
Optimal control problems come with any number of different constraints, objectives, state
evolution functions, control sets, etc., and it is reasonable to expect that optimality conditions
are highly sensitive to the problem specification. As a result, it would be surprising if there were
a single theorem that could concisely describe the optimality conditions for every conceivable
control problem. The Maximum Principle does not do this, and I know of no theorem that
does. Rather, the Maximum Principle is best thought of as a methodology that describes how
to derive optimality conditions for a particular problem. Indeed, common statements of the
Maximum Principle, like that given below, only apply to special classes of control problems,
and it may be that a particular problem of interest does not precisely meet the hypotheses of
these statements. Optimality conditions must then be derived from scratch, and the proof of
the Maximum Principle provides a guide on how to do this. With this in mind, I encourage
the reader to at least read through the proof of the Maximum Principle given below to develop
an intuition for the arguments. It would be particularly beneficial to try adapting the proof
to, say, an optimal control problem in which the terminal time is also a choice variable, or
to read through chapters 4 and 7 of [3] for proofs of Maximum Principles for other control

problems.

In this section, we assume the following about the parameters of the Basic Control Prob-

lem:
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1. Q € R™is an arbitrary non-empty set;

2. U is the set of all piecewise-continuous functions from [t,, t;] to Q, and X is the set of

all continuous functions from [ ¢, t;] to R";
3. l and f are continuous, and they are continuously differentiable in the state vector x (t).

It should be clear that these assumptions are generically weaker than those used in §2, with
the exception of the specification of U: It is both analytically convenient and practically at-
tractive to permit piecewise-continuous controls, though the arguments below do not apply

immediately when the control function u is restricted to be continuous.

Central to the statement and intuition behind the Maximum Principle is the Hamiltonian func-
tion H : R" x Q2 x R" x R_ — R, defined by

H(x,u, A, Ay) = Al (xc,u) + A~ f (x,u).

The name of this function is drawn from the Hamiltonian of classical mechanics, and the anal-
ogy will become clear below. Given the assumptions above, the version of Pontryagin’s Maxi-

mum Principle for the Basic Control Problem is

Theorem 2 (Pontryagin’s Maximum Principle). Suppose (x,,u,) is a solution to the basic control
problem (7). Then 3A : [t,, t;] — R" absolutely continuous and A, € R_ with (14, 1) # (0,0)
Vt € [ty, t1] such that

1. x, and A follow the evolution equations
x, =H; (x,u,A ), 2n

A=—H, (x,u,A A);

2. x, and A satisfy the boundary conditions

x, (to) = x (o),
x*(tl) €S, (22)
A(tl) _L Tx*(tl)S;

3. u, maximizes the Hamiltonian pointwise:
H(X*(t):u*(t)ax(t)azﬂ)ZH(X*(t):ual(t):AO) VtE[tO, tl]avueg- (23)

12



Before presenting the proof, a few clarifying remarks: The evolution equations (21) are imme-
diately recognizable as the canonical equations from the Hamiltonian formulation of classical
mechanics, where the trajectory x, plays the part of the “position function” and the costate A
plays the part of the “momentum” function. This is no accident — Hamilton’s Principle from
classical mechanics states that the trajectory of a physical system can be interpreted as the so-
lution to a particular optimal control problem, and much of classical mechanics can be derived

from this viewpoint.

In the statement of the boundary conditions (22), T, ,)S denotes the tangent space of the
manifold S at x, (t;). Readers familiar with differential geometry or basic differential topology

will recognize that this constraint can be written
A(ty) Lker g, . (t;) < A(t;) €span{Vg;(t,;):i=1,...,n—k}.

Thus the condition A(t;) L T, (,)S is precisely equivalent to the existence of u € R"* such
that A(t;) = [g, (x, (t,))]" 1, and this is recognizable as the boundary condition (13) from
Theorem 1. Note also that the boundary conditions (22) place n+ k + (n — k) = 2n constraints
on the values of (x,, A) at the boundary times t, t,, so we expect that (21) and (22) uniquely
specify x, and A, given A, and the optimal control function u,.

We will now embark on a proof of Theorem 2. The proof proceeds in several steps and is
modeled after the proof given in §4.2 of [3].

4 Application: Mirrleesian Taxation

In this section, we consider an application of control methods to the classic model of optimal
nonlinear taxation described in [5]. That paper represents a landmark achievement in the
study of optimal income taxation: The Mirrlees model elegantly captures the equity-efficiency
trade-off that is salient in questions of income taxation, and for this reason it serves as the
basic framework for many theoretical and applied studies. Our purpose below is to describe
the structure of the model and show how Pontryagin’s Maximum Principle (Theorem 2) can be
used to characterize the optimal income tax. This analysis largely follows [5], and we will also
present an example from [1] in which it is possible to derive a formula for optimal marginal
tax rates. It should be noted that the technical assumptions below differ slightly from those in

[5], but this is purely for convenience and ease of explication.
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4.1 Setup

The economy has a unit measure of agents who receive idiosyncratic skills 6 € [ 0, é] CR,,,
where 0 < § < 6 < 0. Skills are stochastic and distributed according to a continuous density
function f € C ([Q, 0 ] ,R +). The agents exert labor [ € [0, 1) to earn income y = 01 in propor-
tion to their skills, and they consume a non-negative quantity ¢ € R, of a consumption good.
Crucially, an agent’s income y and consumption c are publicly observable, while his skill 6 and
labor choice [ are privately known. Each agent’s preferences over consumption and labor are
described by a utility function U (¢, 1), assumed twice continuously differentiable and weakly
concave on R, x [0, 1), with U,,—U,; > 0 on the interior. It is also assumed that U satisfies the

limit

lliTl’{lU(C,l)Z—OO c eR,. (24)

The economy has a government that seeks to provide a degree of redistribution while financing
exogenous expenditures E € R,. Since skills are unobservable, it does so by choosing an income
tax T : R, — R that describes the tax liability of an agent as a function of his income y. An

income tax T induces the following choice problem for an agent with skill 6:
vl = max U(cl) (25)
ceR,,l€[0,1)
subject to

c<0l—-T(61).

For technical convenience and to guarantee a solution to each agent’s decision problem, we re-

quire that T be continuous. Let [% denote a solution function to the agent’s problem (25).°

The government designs an income tax T to maximize a weighted expectation of the agents’
utilities, subject to collecting revenues E. The weighting is given by a weakly increasing and
concave function G : R — R, which describes the redistribution motive of the government.

5 Using (24), it is a straightforward exercise to show that the maximum in (25) is attained and so that vPisa
well-defined, real-valued function. It does not necessarily hold that 1 is a function rather than a correspondence,
but it will be convenient to make this assumption. It can be checked that in many examples of interest, the agent’s
problem (25) has a unique solution.

14



The income tax T is then chosen to solve the problem

sup E;[G(V?)] (26)
TeC(R,,R)
subject to
E[E-T(61°)] <0, (27)
u(o1®—t(61°),1°)>u(ol-T(OD,l) 6€[0,0],1€[0,1), (28)
T(y)—y <0 yel[0,6]. (29)

Note that the incentive constraints (28) are essentially a restatement of the definition of [ 0,

4.2 Government’s Problem Simplification

Stated in the form (26), the government’s problem is essentially intractable: The government
must optimize over the Banach space C (R, R) subject to a double continuum of incentive
constraints (28). Even with additional differentiability assumptions on the tax T and other
primitive assumptions that ensure that the first order condition from the agent’s problem (25)
is both well-defined and sufficient to characterize 1, the resulting optimization problem is
quite difficult to solve using variational calculus. A better approach can be found by more
carefully characterizing the value function V' for the agent’s problem (25), making use of the

incentive constraints (28). The following lemma is crucial:

Lemma 3. For any continuous T : R, — R that satisfies the constraints of (26), V? is Lipschitz

continuous and satisfies

0 S
v =vﬁ+J —Z—UZ (sI* — T (sI%), 1°)ds. (30)
S
2]

Proof. The continuity of T implies that T attains a minimum over |:0, é], and hence 61—T (61)
is bounded above uniformly in 6 € [ o, é] and [ € [0,1). Denote the upper bound by ¢ > 0. By
the assumption (24), U (¢,1) | —oo as [ 11, so 31 €[0, 1) such that

U(e,l)<ve
Then for any 6 € [Q, é] and any [ € (i, 1),

ul-TOD,D<U(el)<vei<Ve,
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This implies that we can restrict all agents’ choice sets to |:0, l]:

V% = max U (61 —T (61),1).
lefo]

For any 0 € [Q, é], let 54 > 0 such that zigZZ_ < 1.Then V6',0” € Bs, (0), we have

/ " Yy Yy
Vv < sup U(y—T(y),§)—U(y—T(y),m)
ye[0,(6+8) ]

/

= sup J—%Uz(y—T(y),z)ds
ye[o0+a)] |Jor S S

< |9/_ 9”|K9,
where
Ky = max 2 Uz(}’—T(}’),X)‘
ye[0,0+8)se[0,6] $2 s

is finite because 0 < 6, U; is continuous on R, x [0,1), and the choice set is compact. This
implies that V¢ is locally Lipschitz continuous on |: o, é]. But [ 6,6 ] is compact, so V? is globally
Lipschitz on [ o, 9_].

Since V? is Lipschitz on [ o, 9_], it must be differentiable a.e. on [ o, 9_] and satisfy

0
v = VQ+J Vids.
0

In particular, the right- and left-derivatives 55V and 55-V? must exist and be equal (to V?)

a.e. The incentive constraints (28) imply the inequality

9 o_v Lo o
sor" = lmy (V0 =v)
.1 o _ 6 6 9)_ o _ 0y 10 )
Sl}g})lh(U(Ql T (61 ),9+hz u(o1°—r1(01°),1%)
6
= —5u(617 T (01°),1%).
A similar calculation yields the inequality
9 yes Ly (019 —1(61°),1)
a0- = 0" o
We can then conclude V¢ = —%Ul (919 —T (919),19), so (30) holds. ]
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Intuitively, this lemma holds because the incentive constraints (28) include local incentive-
compatibility constraints that require that an agent with type 6 weakly prefer his own labor
choice 1 to the labor choice of an agent with type 6 + h, where |h| | 0. In the limit, these
local constraints determine completely how the value function V¢ changes with . This is
a profound property of the incentive structure of the model, and it is even more remarkable
when we recognize that the derivative V¢ can be expressed

19

o :—EUZ(GZG—T(QZG)’ZG): :_Q{U(y—T(}’),%)}

y=01°

This last equality shows that when the agent’s choice variable is taken to be income y, the
derivative of the value function V? is precisely the partial derivative of the utility function U
with respect to 6, evaluated at the optimal choice. In this sense, the incentive constraints
(28) require that the value function V? change in lockstep with utility U when the skill  is

perturbed marginally.

It is particularly helpful to interpret Lemma 3 through the lens of optimal control: Given a
tax policy T, V9 can be considered a sort of “state” variable whose trajectory is driven by
the “control” 19 via the evolution equation (30). However, we can do even better than this
and remove the tax T entirely from (30). To see this, note simply that since U (+,1) is strictly

increasing, it must be invertible, so we can define the function c (V, 1) implicitly by
V=U(W1D,l). (31

In fact, if (V, 1) is interior to the set U (R, x [0,1)) x [0, 1), then the Implicit Function Theorem

guarantees that c is actually C'. The evolution equation (30) can then be written

0

lS
vl = VQ+J ——U, (c (V5, 1), I°) ds. (32)

s

(2]

We can similarly express the resource constraint (27) and the non-negativity constraint (29) in
terms of V% and 1% using the function c. This suggests that it may be possible to formulate the
government’s problem in terms of the choice functions V? and 1% and then apply techniques
from optimal control to derive optimality conditions. This method for deriving optimality con-

ditions is known as the “Mirrlees Trick,” and it is precisely what we plan to do.

However, there is yet a key problem with this plan: Lemma 3 shows that the evolution equation

(32) follows from the incentive constraints (28), but it does not prove that any direct mech-
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anism defined by (VQ, 19) which satisfies (32) is necessarily incentive-compatible.® In gen-
eral, the evolution equation (32) is not sufficient to guarantee that the incentive-compatibility
holds. Intuitively, this is because only local incentive constraints are necessary to derive the
evolution equation, and it is not always true that local incentive-compatibility implies global
incentive-compatibility. To salvage the analysis, we can place a relatively weak assumption
on the utility function U to ensure that (32) and an additional condition are equivalent to

incentive-compatibility.
In particular, we will assume that U is such that the expression

_l Ul (C3 l)

U, (c,1) (33)

is strictly increasing in [ for ¢ € R,. This is equivalent to assuming that the marginal rate of

_10{e9)
0 U, (c,

)

is strictly decreasing in 6 for ¢ € R,. This is known as the Spence-Mirrlees condition, a single-

substitution

DI | D=

crossing condition, or the agent monotonicity condition, and variants of it are used frequently in
contract theory and mechanism design to deal precisely with the issue that we are facing here.
It implies that higher-skilled agents find it strictly less costly to produce income than lower-
skilled agents. This condition is relatively weak, and it is satisfied by most common utility

specifications. We then have the following characterization of incentive-compatibility:

Lemma 4. Under the Spence-Mirrlees condition, (VQ, 19) is incentive-compatible if and only if
(32) is satisfied and y® = 01 is strictly increasing in 8 when y® > 0.

Proof. For simplicity, we will prove the result in the case that the direct mechanism (VQ, 19) is
twice continuously differentiable in 6. For the forward direction, Lemma 3 immediately implies
that (32) is satisfied. To see that y® > 0 when y? > 0, note that local incentive-compatibility

5Under the direct mechanism induced by (Ve, 19), an agent reports a type 6, and in return he must produce
effective labor §1° and receive consumption ¢ :=c¢ (Ve, 19). This mechanism is incentive-compatible if
0 0 0 0 2 2]
vixu(c?, =1 0,0€[0,0].

e
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implies the first order condition

The necessary second order condition requires that the right side be non-increasing in 6 at
6 = 6. The factor outside the parentheses is strictly positive since y? > 0, so the right side is
non-increasing in 6 at 6 = 6 if and only if

O

for the evolution equation (32) to imply incentive-compatibility is for effective labor y® = 91°
to be strictly increasing in 8, unless y® = 0.

Ue 6 o
a-ryutdur 0 = %4 0-r)r %)

C

Note that here we have taken the agent’s choice variable to be y for convenience. The sufficient
second order condition requires that the left side be strictly decreasing at y?. Since the left
side is precisely zero at y?, we can drop the positive factor 5—5 The sufficient second order
condition is then

<0, (34)

0

oy 0 o Y
G,(6,y%)= 3y {}’(1 r (y))+9UC(y—T(y):%)

y=y

where we define

U(y—T(),%)

The first order condition implies G (9, ye) = 0, and if we totally differentiate this equation

G(6,9)=y(1-T'(N)+3

19



with respect to 6, we find

d

0= EG(<9,y9) =Gy (0,y%)+G,(0,y%)5°.

After rearranging, we have the equality
G, (6,y°) 3% =—Gy(6,5°).

Direct calculation of the right side yields

6
2] .9_}’ a Ul(cal)
6,00 = 5 51l

=)=

The Spence-Mirrlees condition (33) implies that the right side is strictly negative, so the as-

sumption y° > 0 implies the sufficient second order condition (34).

Under our differentiability assumptions, the evolution equation (32) can be shown to be equiv-
alent to the agent’s first order condition via the Envelope Theorem. We have thus shown that
under the Spence-Mirrlees condition (33), any direct mechanism (Ve,le) that satisfies the
evolution equation (32) and is such that y? is strictly increasing in & must be locally incentive-
compatible. However, it is also easy to see that global incentive-compatibility also holds: Sim-
ply compute the difference

9/

U(C (v@',z@/),gze/)_u(c (ve,19),1°)

using the Fundamental Theorem of Calculus (our differentiability assumptions imply that V°
and 19 are at least differentiable), and make use of the Spence-Mirrlees condition (33).

In the interest of proceeding to the derivation of optimality conditions, we will not prove
that the evolution equation (32) and increasing effective labor are sufficient for incentive-
compatibility under the Spence-Mirrlees condition (33) in the full generality needed here (i.e.,
when the tax T is simply continuous.) However, this result does hold (see [5]), and we will

use it below. We can then reformulate the government’s problem (26) as an optimal control
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problem:

0
supJ G(V?)f(6)do (35)
Vil Jo
subject to
9 S
v :VQ+f —l—Ul (c(VS,I5),1)ds 0€[6,0], (36)
0 S
0
f E—(61°—c(v91°))f(0)db <0, (37)
)
c(v9,19)—-061°<0 6el0,6], (38)
0 — 01° increasing. (39)

Here we take V : |: 0, é] — R to be absolutely continuous and [ : |: o, é] — [0, 1) to be piecewise
continuous. It is standard to relax this problem by removing the non-negativity constraint (38)
and the second-order condition (39). (These are verified ex post in simulations.) We then

arrive at the relaxed control problem:

s‘l/llpJGG(Ve)f(G)dQ (40)

> 6

subject to

V9=VQ+JQ—ZS—SUZ(C(VS,ZS),ls)ds 6el0,0], (41)
. 0

L E—(01°—c(v91°)f(0)do <0. (42)

This problem is (nearly) in the form of the control problems considered in §2 and §3, and
in particular we will be able to apply Pontryagin’s Maximum Principle to derive optimality

conditions.

4.3 General Necessary Conditions

The following theorem describes the necessary conditions for a local optimum to the govern-

ment’s relaxed control problem (40):

Theorem 5. Let (V,,1,) be a local optimum for the relaxed problem (40) that is not an extremal
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of the constraint set. Then 3¢ : [Q, é] — R absolutely continuous and 1) € R such that’

0
s _
v*e:v*uj —<Uyds voe[0,0], (43)
]
0
o:f E—(01°—c(v%,1%))f(0)do, (44)
]
U; 0 U;
O:qp(U—l*+9)f(9)+%[—lfU—iU3+lfUﬁ+Uf] if 1? >0, (45)

6 Syt
0= JQ [G’(V:) + %]f (s)exp (— JQ ?*?i:dt) ds, (46)

6 s
o— [ o)+ L _ [ LY
@ —JG [G (V*)+ch]f(s)exp( JG " Ucfdt)ds'

Before presenting the proof, a quick note: Equations (43) and (45) should be viewed as deter-

where

mining the functions V, and [, given v and V*Q. The conditions (44) and (46) then determine )
and V*Q, respectively. Thus the set of necessary conditions (43-46), in principle, fully character-
ize the solution to the government’s relaxed control problem (40). Finally, note that equations
(45) and (46) correspond to equations (27) and (26) in [5], respectively.

Proof. Despite its interpretation as a static optimal taxation problem, (40) has the same formal
structure as the Basic Control Problem, where 6 is the “time” variable, V is the trajectory, and [
is the control function. (The resource constraint (42) is clearly binding, so it can be considered
an equality constraint.) In particular, we can derive necessary conditions for a local optimum
using Pontryagin’s Maximum Principle (Theorem 2).

Introduce a new “state” variable for the resource constraint,

0
BY ::f E—(01°—c(v91%))f(6)d6.
o)

With this additional state variable and the binding resource constraint (42), note that the target
set S C R? for the appended state vector (V, B) is now given by S = R x {0}, i.e., the horizontal

7To simplify notation, we write Uf for the x™ partial derivative of U, evaluated at the optimum (c (Vf, lf) , lf )
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axis in the V-B plane. Define the Hamiltonian

H(V,B,1,¢0,%,A0,0) = =24,G (V) f (9)—<PéUz (cV,D,D+y(E=0l+c(V,1))f ().

(Note the sign of the first term: We are solving a maximization problem, so the “loss” function [
in the corresponding minimization problem is given by —G (V') f (0).) We assume that the local
optimum (V,,[,) is not an extremal of the constraint set, so we can normalize the abnormal
multiplier A, to —1. The Maximum Principle then implies that ¢, : [ o, é] — R absolutely
continuous such that

1. V,, B,, ¢, and v follow the evolution equations

. 1
V*Q :H<p :—EUI (C (V*G,lf),lf),
B,=H,=(E—01°+c(V’,1%))f (0),
¢ =—H, (47)
19
=—G’(V*9)f(9)+<pe§ cl (C(V*e’l*e)’l*e)cv(V*e’lf)_¢CV (V*e’l*e)f(e)’
}? =—Hy =0;

2. V,, B,, p, and v satisfy the boundary conditions

) L Tya 0y (R x {0D), (48)
',wé) L Ty oy (R x {0}).

—~
AS
S

3. 1, maximizes the Hamiltonian pointwise:

H(V?,B%1% ¢,,—1,0)>H(V’,B% 1,0,9,—1,0) YO0€[0,0],VI€[0,1). (49)

All of these optimality conditions follow directly from Theorem 2), with the exception of the
boundary condition

(¢%9?) L Tiye p2) (R x{0}).

This is because the Basic Control Problem (7) considered in §3 has a fixed initial state, while

the government’s relaxed control problem (40) allows V£ to vary freely. Since we must have
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BY = 0, we can construct an initial “target set” for the appended state by constraining (v, B%)
to R x {0}. By the same argument as for the boundary conditions at the terminal time, the
costate vector (2, 1?%) must be orthogonal to the tangent space of this target set at (V, B).

To derive interpretable necessary conditions for (V,,[,), we must simplify the Maximum Prin-
ciple conditions (47-49). Regarding the boundary conditions (48), the simple fact that the
tangent space of R x {0} at any point is again R x {0} implies that the costate conditions are

equivalent to
pl=y’=0. (50)

Regarding the evolution equations (47), we first use the relation (31) to compute

1
U (c(ve,19),12)

Cv (V*Q’ lf) =

We can then write the evolution equation for ¢ as

6
U 60U

C

0
¢’ =—[G’(Vf)+ v ]f(9)+<p91 U—; (51)

It should be recognized that this is simply a linear first-order differential equation in ¢ with

variable coefficients. The general solution to this differential equation is given by

6 6 0
¥ U* ¢ [t Ut
0 _ * cl 1 (y7s * cl

Using the boundary condition gpé = 0, we can solve for the constant A = 0 and combine the
exponential terms to find

6 s 7t 7t
0 _ () L I
@ —JQ [G (V*)+Ug]f(s)exp( Jg " Uctdt)ds. (52)

The other boundary condition ¢2 = 0 then implies

0 s
_ ()4 A
O—JQ [G (V*)+ Ug]f(s)exp( JQ " Uctdt)ds. (53)

To simplify the Hamiltonian maximization condition (49), note first that the Hamiltonian is
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differentiable in [ when [ > 0. For any 6 such that lf > 0, we then have the first order
condition

0=H, (VG,BG,ZQ,LP,Q,Z) —1,6) (54)

= (c;—0)f(0)— [ZQUCQ”G+Z ug+U?].

Again using the relation (31), we can calculate

L U
¢f=——.
Us
The first order condition (54) is then
A ¢° o Ul 0 j0.m0
0=v —+9 f(9)+ l*UU +1.U, +U (55)

Equations (41), (42), (53), and (55) yield the conditions given in the statement of the theorem,
and equation (52) gives the expression for ¢. O

4.4 Example: Quasilinear Preferences

An illuminating special case of Mirrlees’s general setting is found when agents are assumed to
have quasilinear preferences of the form

U(c,D=c—v (D). (56)

Under this specification, it is possible to derive a formula for the marginal tax rate T’ using the
conditions (43-46). This task was first undertaken in [1], and our analysis below is substan-
tially similar.

To fix the setting, we will assume preferences are given by (56), where v : [0,1) — R is
strictly increasing, strictly convex, and continuously differentiable. It is also assumed that
G’ (v (1)) — oo quickly enough as I — 0 so that the non-negativity constraint on the tax policy
can be neglected. Finally, it will be convenient to assume that the skill density f is strictly
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positive. The optimality conditions (43-46) then take the form

0 1s
vj:v}+J ls—*v’(z;)ds voe[0,0], (57)
]
0
0=J E— (017 — (V0 +v (1)) £ (6) 6, (58)
2]
9
o=y (—'(1)+06)f(0)— [19 ") +v'(1%)] if’>o, (59)
0
0=J [G'(VS)+]f (s)ds, (60)
]

where p? = fg G’ ) 1,[)] f (s)ds and v is a constant. In particular, condition (59) can be

written

P (6—v'(1° ))f(@)—%[ (18 )+lfv”(lf)]Jé[G’(V:)+1,b:|f(s)ds Ve :1°>0. (61)

Suppose that at the optimum (V,, ), the sufficient secondary condition holds, and Qlf is strictly
increasing in 6. Then we can define a tax schedule T, on the range of GZf by

T,(01°):=01°—c(v91%).

* 2 Tk

Suppose also that this function T, is differentiable. Then the first order condition from the

agent’s problem is
o(1—1/(617))=v'(19). (62)

Substituting this expression into the left side of (61) and dividing both sides by v # 0,

T/(01%) = 9[ Vv (12)+ 1% (19)] f(9)¢ V) +y]f(s)ds VO:1>0. (63)

If T, is twice continuously differentiable, then using (62) it is straightforward to show that the
skill elasticity of effective labor is given by

_ 0 d ey V()
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We can then divide both sides of (63) by 1— T/ (61%) = +v/(1%) to find

T! 1
1—2:_ [ ]f(e)w Drvlf©f©ds
1
= e(e) ( +¢]f(s)ds) 57 (0
= 1—F(0) -
= e(e) (qp(l F(G))f +1/J]f(s)ds) 87 () YO :1]>0. (64)
B2 B(6) ~ O

Here F (0) := f 96 f (0)d6. We have thus arrived at Diamond’s well-known “ABC” formula for
the marginal tax T/ (see [1]).
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